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Abstract

Eigenfunctions of elliptic boundary value problems can be well approximated by entire

functions of exponential type and, as a consequence, it is possible to transfer approximation

results with entire functions to eigenfunction expansions. Here, in particular, we consider

Jackson and Bernstein type theorems.
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Let us consider the Dirichlet problem for the Laplace operator �
Pn

j¼1 @
2=@x2j on

a bounded open domain O in Rn: An eigenfunction flðxÞ associated to the

eigenvalue l2 is a non-zero solution to the problem

�
Pn
j¼1

@2

@x2j
flðxÞ ¼ l2flðxÞ if xAO;

flðxÞ ¼ 0 if xA@O:

8><
>:

There exists a positive sequence fl2g of eigenvalues and an orthonormal system of

eigenfunctions fflðxÞg complete in L2ðOÞ and one can define a Fourier transform
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and Fourier series,

Ff ðlÞ ¼
Z
O

f ðyÞflðyÞ dy; f ðxÞ ¼
X
l

Ff ðlÞflðxÞ:

Similarly the exponentials fexpð2pixyÞg are eigenfunctions of the Laplace

operator on Rn with eigenvalues f4p2jxj2g and in this case the eigenfunction
expansion coincides with the classical trigonometric Fourier expansion,

Ff ðxÞ ¼
Z
Rn

f ðyÞ expð�2pixyÞ dy; f ðxÞ ¼
Z
Rn

Ff ðxÞ expð2pixxÞ dx:

Since functions on O can be extended to all Rn by putting them equal to zero
outside O; it is natural to compare these two expansions. Indeed it turns out that they
are similar, at least away from the boundary @O: Recall that, by the Paley–Wiener–
Schwartz theorems, the distributions with Ff ðxÞ ¼ 0 if jxj4T coincide with the
distributions which are entire functions of exponential type 2pT : By analogy one can
define linear combination of eigenfunctions of type L by the conditionFf ðlÞ ¼ 0 if
l4L: Then, roughly speaking, our main result is that strictly inside O finite linear
combinations of eigenfunctions of type L can be arbitrarily well approximated by
entire functions of exponential type 2L and vice versa. As a consequence, in order to
approximate a given function by linear combinations of eigenfunctions it suffices to
approximate the function by entire functions of exponential type and then
approximate the entire functions by eigenfunctions. In this way, one easily obtains
analogous of the Jackson and Bernstein theorems, the degree of approximation of a
function by linear combinations of eigenfunctions is controlled by the modulus of
continuity and vice versa. The main tool used in these approximations is the
synthesis of certain operators by fundamental solutions to the wave equation. This
approach has been introduced in the study of the spectral properties of elliptic
operators on manifolds and by now it is quite classical.
Approximation theorems for expansions in eigenfunctions of the Laplace operator

on manifolds with a rich structure, such as Lie groups or symmetric spaces, are
already known. In this case the eigenfunctions are special functions and with
convolutions one can construct approximations. On the contrary, for general
domains one cannot rely on explicit expressions for eigenfunctions and, since there
are no translations, there is no convolution. However, natural substitutes for
convolutions are operators defined by spectral analysis. Given a function mðlÞ on
Rþ; one can define the operator mð

ffiffiffiffi
D

p
Þ via spectral decomposition by

mð
ffiffiffiffi
D

p
Þ f ðxÞ ¼

X
l

mðlÞFf ðlÞflðxÞ:

Then, by taking the cosine expansion of mðlÞ one obtains

mð
ffiffiffiffi
D

p
Þ f ðxÞ ¼ p

Z þN

0

m
4ðtÞ cosðt

ffiffiffiffi
D

p
Þ f ðxÞ dt:

Hence the operator mð
ffiffiffiffi
D

p
Þ can be synthesized by means of fundamental solutions

cosðt
ffiffiffiffi
D

p
Þ to the wave equation @2=@t2 ¼ D: Now the basic observation is that, by
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finite propagation of waves, at least for small times and away from the boundary @O
the solutions to the wave equation on O and on Rn coincide. This allows to compare

the operator mð
ffiffiffiffi
D

p
Þ on O with the corresponding one on Rn: In particular, we shall

see that if mðlÞ is smooth, with mðlÞ ¼ 1 if lp1=2 and mðlÞ ¼ 0 if lX1; then
mð

ffiffiffiffi
D

p
=LÞ is an approximation of unity by eigenfunctions of type L: Operators of

this type will be our basic tool in constructing approximations.
In this paper we consider eigenfunctions of the Laplace operator with Dirichlet

boundary conditions, but results and proofs for other boundary conditions are
analogous as soon as we stay away from the boundary. The paper is essentially self-
contained and we want to mention only a few references. As general references on
approximation, and in particular the classical Jackson and Bernstein theorems on
Euclidean spaces, see e.g. [3,7]. For approximation by eigenfunctions of the Laplace
operator on Lie groups and symmetric spaces see e.g. [2,4] and for approximation on
manifolds see the survey [6]. However, it seems to us that the results in these papers
do not overlap with ours and, in any case, the techniques used are quite different.
For a wave equation approach to the study of spectral properties of differential
operators and to the harmonic analysis on manifolds see e.g. [5, XVII]; [9, XII]. See
also [1,8] for a wave equation approach to the convergence of Fourier integrals.
The results in this paper are part of the dissertation of F. Masiero

‘‘Approssimazione con autofunzioni di operatori differenziali ellittici’’ at the University
of Milano, 1999.

1. Approximation of eigenfunctions

We recall that the Sobolev space W2
hðRnÞ and W2

hðOÞ; or more generally W2
hðAÞ;

can be defined via the norms

jj f ðxÞjjW2
hðR

nÞ ¼
Z
Rn

ð1þ 4p2jxj2ÞhjF f ðxÞj2 dx
	 
1=2

;

jj f ðxÞjjW2
hðOÞ

¼
X
l

ð1þ l2ÞhjFf ðlÞj2
( )1=2

;

jj f ðxÞjjW2
hðAÞ ¼

X
jajph

Z
A

@a

@xa f ðxÞ



2

dx

( )1=2
:

In the definition ofW2
hðAÞ the index h is a non-negative integer, but inW2

hðOÞ and
W2

hðRnÞ one can allow �NohoþN: It is well known that if %ACO; then W2
hðOÞ

andW2
hðRnÞ are continuously imbedded inW2

hðAÞ: Also, under suitable assumptions
on the domain O the classical Sobolev imbeddings hold, in particular functions in

W2
hðOÞ andW2

hðRnÞ with h4n=2 are Lipschitz continuous of order h � n=2 in O and
Rn: Moreover, L1ðOÞ and L1ðRnÞ are contained in W2

hðOÞ and W2
hðRnÞ if ho� n=2:
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However, for what follows we need a milder requirement, namely we assume that

L1ðOÞ is contained in some of the spaces W2
hðOÞ; any h suffices.

Now let mðsÞ be a smooth bounded even function on R with compact support, or
rapidly decreasing and with rapidly decreasing derivatives. Define mLðsÞ ¼ mðs=LÞ
and

ML f ðxÞ ¼
X
l

mLðlÞFf ðlÞflðxÞ:

In what follows mð0Þ ¼ 1 and L-N; so that at the limit one formally recover the
Fourier expansion of the function. Since the multiplier mðsÞ decreases rapidly, the
operator ML is well defined on integrable functions on O: Extend such functions to
all Rn by putting them equal to zero outside O and define

ML f ðxÞ ¼
Z
Rn

mLð2pjxjÞFf ðxÞ expð2pixxÞ dx:

Since ML is a convolution operator with a smooth fast decaying kernel KLðyÞ ¼
LnKðLyÞ; this operator enjoys many nice properties and in particular it is bounded
on the most common function spaces. ML f ðxÞ and ML f ðxÞ are expansions in
eigenfunctions of the Laplace operator in O and Rn; respectively. The main result of
this section is that away from @O these two expansions are similar and the Sobolev
norms of ML f ðxÞ �ML f ðxÞ are small. Thus, the nice properties of ML are
inherited by ML:

Theorem 1.1. Let A be an open set with compact closure in O: Then for every non-

negative integers h and k there exists c such that

jjML f ðxÞ �ML f ðxÞjjW2
hðAÞpcL�k

Z
O
j f ðyÞj dy:

Proof. In what follows, we may assume that L-þN: Let cðsÞ be a smooth even
test function with Fourier cosine transform

c
4
ðtÞ ¼ 2

p

Z þN

0

cðsÞ cosðtsÞ ds

vanishing for jtjXdistanceðA; @OÞ: Also assume that
RþN

�N
cðsÞ ds ¼ 1 andRþN

�N
cðsÞs j ds ¼ 0 for j ¼ 1; 2;y : Beside the operators ML and ML associated to

the multiplier mLðsÞ; we also consider the operators NL and NL associated to the

regularized multiplier mL � cðsÞ ¼
RþN

�N
mLðs � rÞcðrÞ dr: We have

ML f ðxÞ �ML f ðxÞ

¼ ðML f ðxÞ �NL f ðxÞÞ þ ðNL f ðxÞ �NL f ðxÞÞ þ ðNL f ðxÞ �ML f ðxÞÞ:
In order to complete the proof it suffices to show that if x is in A thenNL f ðxÞ ¼

NL f ðxÞ; while ML f ðxÞ �NL f ðxÞ and ML f ðxÞ �NL f ðxÞ are small. &

Lemma 1.2. For every x in A we have NL f ðxÞ ¼ NL f ðxÞ:
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Proof. We synthesize both operators by means of fundamental solutions to the wave
equation:

X
l

mL � cðlÞFf ðlÞflðxÞ

¼
X
l

Z þN

0

ðmL � cÞ4ðtÞ cosðltÞ dt

� �
Ff ðlÞflðxÞ

¼
Z þN

0

pmL
4 ðtÞc

4
ðtÞ

X
l

cosðltÞFf ðlÞflðxÞ
 !

dt

¼ p
Z þN

0

mL
4 ðtÞc

4
ðtÞ cosðt

ffiffiffiffi
D

p
Þ f ðxÞ dt;

where cosðt
ffiffiffiffi
D

p
Þ f ðxÞ solves the Cauchy problem for the wave equation in R� O;

@2

@t2
uðt; xÞ �

Pn
j¼1

@2

@x2j
uðt; xÞ ¼ 0 if tAR and xAO;

uðt; xÞ ¼ 0 if tAR and xA@O;

uð0; xÞ ¼ f ðxÞ if xAO;

@

@t
uð0; xÞ ¼ 0 if xAO:

8>>>>>>>><
>>>>>>>>:

Similarly

Z
Rn

mL � cð2pjxjÞFf ðxÞ expð2pix � xÞ dx

¼ p
Z þN

0

mL
4 ðtÞc

4
ðtÞ cosðt

ffiffiffiffi
D

p
Þ f ðxÞ dt;

where this time cosðt
ffiffiffiffi
D

p
Þ f ðxÞ solves the wave equation in R� Rn;

@2

@t2
uðt; xÞ �

Pn
j¼1

@2

@x2j
uðt; xÞ ¼ 0 if tAR and xARn;

uð0; xÞ ¼ f ðxÞ if xARn;

@

@t
uð0; xÞ ¼ 0 if xARn:

8>>>>><
>>>>>:

Since waves propagate with finite speed and cosðt
ffiffiffiffi
D

p
Þ f ðxÞ depends only upon

values f ðyÞ with jy � xjpt; for x away from the boundary @O and small time t the

solutions to the wave equation in Rn and O coincide. Since c
4
ðtÞ ¼ 0 if

tXdistanceðA; @OÞ; the lemma follows. &
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Lemma 1.3. For every h and k;

jjML f ðxÞ �NL f ðxÞjjW2
hðOÞ

pcL�k

Z
O
j f ðyÞj dy;

jjML f ðxÞ �NL f ðxÞjjW2
hðR

nÞpcL�k

Z
Rn

j f ðyÞj dy:

Proof. In order to estimate the Fourier coefficients ofML f ðxÞ �NL f ðxÞ; we write

jmL � cðsÞ � mLðsÞj ¼
Z þN

�N

ðmLðs � rÞ �
Xk�1
j¼0

m
ð jÞ
L ðsÞð�rÞ j=j!ÞcðrÞ dr




p
L�k

k!

Z þN

�N

jrjkjcðrÞj jmðkÞððs � yrÞ=LÞj dr

p
L�k

k!
sup

jrjpjsj=2;
jmðkÞððs � rÞ=LÞj

Z þN

�N

jrjkjcðrÞj dr

þ L�k

k!
sup

�NosoþN

jmðkÞðsÞj
Z
fjrj4jsj=2g

jrjkjcðrÞj dr:

Since both mðkÞðsÞ and cðsÞ are rapidly decreasing, for every q we have

sup
jrjpjsj=2;

jmðkÞððs � rÞ=LÞjpcð1þ s=LÞ2Þ�q=2pcLqð1þ s2Þ�q=2;

Z
fjrj4jsj=2g

jrjkjcðrÞj drpcð1þ s2Þ�q=2:

Hence, collecting these estimates we obtain

jmL � cðlÞ � mLðlÞjpcL�kð1þ l2Þ�q=2:

This implies that

X
l

ðmLðlÞ � mL � cðlÞÞFf ðlÞflðxÞ






W2

hðOÞ

¼
X
l

ð1þ l2ÞhjmLðlÞ � mL � cðlÞj2jFf ðlÞj2
( )1=2

pcL�k
X
l

ð1þ l2Þh�qjFf ðlÞj2
( )1=2

:

The desired estimate now follows from the assumed imbedding of L1ðOÞ into
W2

h�qðOÞ if h � q is sufficiently negative. This proves the first inequality of the

lemma, the proof of the second is similar. &

Remark. As mentioned in the introduction, there is an analog of the above theorem
for expansions in eigenfunctions of the Laplace operator with arbitrary boundary

ARTICLE IN PRESS
L. Colzani, F. Masiero / Journal of Approximation Theory 123 (2003) 13–2418



conditions. It suffices that the laplacian with the boundary conditions is self-adjoint
and it makes sense to consider eigenfunction expansions. Indeed, in Lemma 1.2 the
boundary condition uðt; xÞ ¼ 0 if xA@O for solutions to the wave equation plays no
role and it can be replaced by a different one. Similarly, Lemma 1.3 depends only on

the imbedding of L1ðOÞ into W2
hðOÞ if h is sufficiently negative.

The theorem has the following corollaries.

Corollary 1.4. Let A be an open set with compact closure in O and let 1pppþN:
Then the operator ML is continuous from LpðOÞ into LpðAÞ; with norm uniformly

bounded in L:

Proof. The result for eigenfunction expansions follows from the corresponding one
for classical trigonometric expansions. Indeed,Z

A

jML f ðxÞjp dx

	 
1=p

p
Z

A

jML f ðxÞ �ML f ðxÞjp dx

	 
1=p

þ
Z

A

jML f ðxÞjp dx

	 
1=p

:

By the above theorem and the Sobolev imbeddings, ML f ðxÞ �ML f ðxÞ is a
continuous function, bounded on A by the norm of f ðxÞ in L1ðOÞ: Since A and O
have finite measure, the boundedness of ML �ML from LpðOÞ into LpðAÞ follows.
Moreover, the operator ML is bounded on LpðRnÞ and, a fortiori, from LpðOÞ into
LpðAÞ: &

Corollary 1.5. Let A be an open set with compact closure in O and let

h40; k40; 1pppþN: Then given a finite linear combination of eigenfunctions

PðxÞ ¼
P

lpL FPðlÞflðxÞ; there exists an entire function of exponential type QðxÞ ¼R
f2pjxjp2Lg FQðxÞ expð2pix � xÞ dx such that

Z
Rn

jQðxÞjp dx

	 
1=p

pc

Z
O
jPðxÞjp dx

	 
1=p

;

jjPðxÞ � QðxÞjjW2
hðAÞpcL�k

Z
O
jPðyÞj dy:

Vice versa, an entire function of exponential type L can be approximated in A by a

linear combination of eigenfunctions of type 2L with an error dominated by cL�k:

Proof. Let ML and ML be the operators associated to a smooth even multiplier
mðsÞ; with mðsÞ ¼ 1 if jsjp1 and mðsÞ ¼ 0 if jsjX2: If PðxÞ is a linear combination of
eigenfunctions of type L; then PðxÞ ¼ MLPðxÞ and QðxÞ ¼ MLPðxÞ is a function of
exponential type 2L with the required approximation properties.
The proof of the vice versa is similar. Let QðxÞ ¼ MLQðxÞ be a function

of exponential type L: Restrict QðxÞ to O and define PðxÞ ¼ MLðQwOÞðxÞ:
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Then

jjPðxÞ � QðxÞjjW2
hðAÞ

pjjMLðQwOÞðxÞ �MLðQwOÞðxÞjjW2
hðAÞ þ jjMLðQwO � QÞðxÞjjW2

hðAÞ:

The first summand is controlled by the above theorem. In order to control the
second summand observe that, since all derivatives of the kernel KLðyÞ ¼ LnKðLyÞ
associated to ML have fast decay at infinity and ðQwO � QÞðxÞ ¼ 0 in O; all
derivatives of MLðQwO � QÞðxÞ are small in A: Indeed if 1=p þ 1=q ¼ 1;

@a

@xa MLðQwO � QÞðxÞ



¼
Z
Rn�O

@a

@xa L
nKðLðx � yÞÞQðyÞ dy




pcLnþjaj�k

Z
Rn�O

jx � yj�kq
dx

	 
1=q Z
Rn

jQðxÞjp dx

	 
1=p

: &

2. Bernstein and Jackson theorems

As we have seen, linear combinations of eigenfunctions can be well approximated,
at least locally, by entire functions of exponential type, and vice versa. Hence it is
natural to conjecture that, at least locally, eigenfunctions and entire functions have
the same approximation properties. Here, in particular, we consider Jackson and
Bernstein type results for eigenfunction expansions, but we start by proving a local
Jackson type theorem of approximation by entire functions of exponential type.

Theorem 2.1. Let A and B be open sets with %ACB and let h and k be non-negative

integers. Then, given f ðxÞ in LpðRnÞ with 1pppþN; there exist functions QðxÞ
entire of exponential type L withZ

A

j f ðxÞ � QðxÞjp dx

	 
1=p

pc sup
jyjp1=L

Z
B

Xh

j¼0
ð�Þ j h

j

 !
f ðx þ jyÞ



p

dx

( )1=p

þcL�k

Z
Rn

j f ðxÞjp dx

	 
1=p

:

Proof. As in the classical proof of the Jackson theorem, one can construct kernels
KLðyÞ ¼ LnKðLyÞ of exponential type L with fast decay at infinity and such that

f ðxÞ � KL � f ðxÞ ¼
Z
Rn

KLðyÞ
Xh

j¼0
ð�Þ j h

j

 !
f ðx þ jyÞ dy:
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Hence

Z
A

j f ðxÞ � KL � f ðxÞjp dx

	 
1=p

p
Z
Rn

jKLðyÞj
Z

A

Xh

j¼0
ð�Þ j h

j

 !
f ðx þ jyÞ



p

dx

( )1=p

dy:

Now, the moduli of smoothness satisfy the trivial estimate

Z
A

Xh

j¼0
ð�Þ j h

j

 !
f ðx þ jyÞ



p

dx

( )1=p

p2h

Z
Rn

j f ðxÞjp dx

	 
1=p

:

Moreover, as soon as all sets A þ jy with 0pjph are in B;

Z
A

Xh

j¼0
ð�Þ j h

j

 !
f ðx þ jyÞ



p

dx

( )1=p

pð1þ LjyjÞh sup
jyjp1=L

Z
B

Xh

j¼0
ð�Þ j h

j

 !
f ðx þ jyÞ



p

dx

( )1=p

:

Observe that if A þ jy for some 0pjph is not completely contained in B; then
jyjXe40: Hence, since KLðyÞ is rapidly decreasing, for every h we have

Z
Rn

jKLðyÞj
Z

A

Xh

j¼0
ð�Þ j h

j

 !
f ðx þ jyÞ



p

dx

( )1=p

dy

p
Z
Rn

ð1þ LjyjÞhjKLðyÞj dy sup
jyjp1=L

Z
B

Xh

j¼0
ð�Þ j h

j

 !
f ðx þ jyÞ



p

dx

( )1=p

þ 2h

Z
fjyjXeg

jKLðyÞj dy

Z
Rn

j f ðxÞjp dx

	 
1=p

pc sup
jyjp1=L

Z
B

Xh

j¼0
ð�Þ j h

j

 !
f ðx þ jyÞ



p

dx

( )1=p

þ cL�k

Z
Rn

j f ðxÞjp dx

	 
1=p

: &

Theorem 2.2. Let A and B be open sets with %ACB and %BCO; and let h and k be non-

negative integers. Then, given f ðxÞ in LpðOÞ with 1pppþN; there exist finite
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eigenfunctions expansions PðxÞ ¼
P

lpL FPðlÞflðxÞ withZ
A

j f ðxÞ � PðxÞjp dx

	 
1=p

pc sup
jyjp1=L

Z
B

Xh

j¼0
ð�Þ j h

j

 !
f ðx þ jyÞ



p

dx

( )1=p

þcL�k

Z
O
j f ðxÞjp dx

	 
1=p

:

Proof. By the above theorem, there exist functions QðxÞ entire of exponential type
L=2 with the required approximation properties. Moreover, by Corollary 1.5, these
entire functions can be approximated in the norm ofW2

s ðAÞ by linear combinations
of eigenfunctions PðxÞ of type L with an error dominated by L�k: Since the norm

W2
s ðAÞ dominates the norm LpðAÞ when s is large, we finally obtain

Z
A

j f ðxÞ � PðxÞjp dx

	 
1=p

p
Z

A

j f ðxÞ � QðxÞjp dx

	 
1=p

þ
Z

A

jQðxÞ � PðxÞjp dx

	 
1=p

pc sup
jyjp1=L

Z
B

Xh

j¼0
ð�Þ j h

j

 !
f ðx þ jyÞ



p

dx

( )1=p

þ cL�k

Z
O
j f ðxÞjp dx

	 
1=p

: &

Theorem 2.3. Let f ðxÞ be a function in LpðOÞ with 1pppþN; also assume that for

some positive constants a and c and every L40 there exists finite eigenfunctions

expansions PðxÞ ¼
P

lpL FPðlÞflðxÞ; such that

Z
O
j f ðxÞ � PðxÞjp dx

	 
1=p

pcL�a:

Then on every open set A with compact closure in O the function f ðxÞ is Lipschitz of

order a; that is if h4a;

Z
A

Xh

j¼0
ð�Þ j h

j

 !
f ðx þ jyÞ



p

dx

( )1=p

pcjyja:

Proof. Let PjðxÞ be eigenfunctions expansions of type 2 j withZ
O
j f ðxÞ � PjðxÞjp dx

	 
1=p

pc2�aj:
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In particular, f ðxÞ ¼ P0ðxÞ þ
PþN

j¼0 ðPjþ1ðxÞ � PjðxÞÞ: By Corollary 1.5 there exist
functions QjðxÞ of exponential type 2 jþ2 withZ

Rn

jQjðxÞjp dx

	 
1=p

pc

Z
O
jPjþ1ðxÞ � PjðxÞjp dx

	 
1=p

pc2�aj;

jjPjþ1ðxÞ � PjðxÞ � QjðxÞjjW2
hðAÞpc2�kj

Z
O
jPjþ1ðxÞ � PjðxÞj dypc2�ðkþaÞj :

We can write

f ðxÞ ¼ P0ðxÞ þ
XþN

j¼0
QjðxÞ þ

XþN

j¼0
ðPjþ1ðxÞ � PjðxÞ � QjðxÞÞ:

P0ðxÞ is analytic in O and, by Bernstein theorem in Rn;
PþN

j¼0 QjðxÞ is Lipschitz of
order a in all Rn: Finally

PþN

j¼0 ðPjþ1ðxÞ � PjðxÞ � QjðxÞÞ converges inW2
hðAÞ and if

h is suitably large functions in this space are Lipschitz of order a: We conclude that
also f ðxÞ is Lipschitz of order a in A: &

We conclude with some remarks.

Remark. The term L�kf
R
O j f ðxÞjp dxg1=p in our Jackson type theorem is necessary.

Indeed, if f ðxÞ is a polynomial of degree h � 1 then the differencesPh
j¼0ð�Þ j h

j

� �
f ðx þ jyÞ vanish, while f ðxÞaPðxÞ: On the other hand, when non-

zero the modulus of smoothness is at least of the order of L�h; hence if hok it

dominates the term L�k:

Remark. It is possible to give a localized version of our Bernstein type theorem.

Let A and B be open sets with %ACB and %BCO: If for every L40 there exist

PðxÞ ¼
P

lpL FPðlÞflðxÞ with f
R
O jPðxÞjp dxg1=ppcLk and f

R
B
j f ðxÞ � PðxÞjp

dxg1=ppcL�a; then f ðxÞ is Lipschitz of order a in A: The proof follows from a
localized version of Bernstein theorem on Euclidean spaces.

Remark. The above Jackson and Bernstein type theorems guaranty regularity or
approximation not in all the domain O; but only in open sets at positive distance
from the boundary @O: The following examples show that indeed some restrictions
seem necessary. The eigenfunctions of the Dirichlet problem in O ¼ ð0; 1Þ are the
trigonometric functions f

ffiffiffi
2

p
sinðpkxÞgþN

k¼1 and the eigenfunction expansions are the

classical sine Fourier series. Let f ðxÞ be Lipschitz of order a in ð0; 1Þ; that is j f ðxÞ �
f ðyÞjpcjx � yja if 0ox; yo1: Then our Jackson theorem guaranties the existence of

trigonometric polynomials with f
R 1�e
e j f ðxÞ �

Pn
k¼1 ck sinðpkxÞjp dxg1=ppcn�a for

e40; but the inequality with e ¼ 0 may fail. Indeed if true then, by the classical
Bernstein’s theorem, the odd extension of f ðxÞ should be Lipschitz of order a in
ð�1; 1Þ and this would impose extra conditions on f ðxÞ in a neighborhood of x ¼ 0
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and 1. To be more explicit, the function f ðxÞ ¼ 1 is smooth in ð0; 1Þ but cannot be
uniformly approximated in ð0; 1Þ by sine functions which vanish at zero. More in
general, f ðxÞ ¼ xað1� xÞa is smooth in ð0; 1Þ but the uniform approximation of this
function has not better order than n�a:
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